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BY
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1. Introduction. Several years ago, Scott and Wall [2 ](') investigated the

continued fraction

°°       Cp-l

f=K^— (co = 1)
P=i     1

by means of the system of inequalities

f\ i 1 + Ci I ̂  | ci |,        r21 1 + ci + c21 ̂  | c21,

rp | 1 + Cp_i + cp | ^ rprp^2 | Cj,_i | + | cv \, p = 3, 4, 5, • ■ • .

These are actually the Pringsheim inequalities applied to the even and odd

parts of/ [2, p. 161]. The rp are nonnegative numbers (depending, in general,

upon the cv), and inequality is required in the first two in case the cp are

different from zero. Leighton [l] had employed these inequalities in the

case r„= | Cj,| ^0, and had found that /converges if, in addition, lim sup \cp\,

for p** «o, is finite. Scott and Wall showed that if the rv are subjected to cer-

tain restrictions, for example, rp = \, or lim inf r\r2 • ■ ■ rP = 0, then the di-

vergence of the series 2Z| bp\, where ¿i = l, cp = l/bPbp+i, p = i, 2, 3, ■ ■ -(the

series to be counted as divergent if some cp vanishes), is necessary and suffi-

cient for the convergence of /. In this paper we show that the same conclusion

holds without any restruction upon the rp (§4). This is accomplished by

showing, more generally, that when the even and odd parts of a continued

fraction /are absolutely convergent (§2), then / converges if, and only if, the

series ^|oP| is divergent. We base our investigations upon the linear frac-

tional transformation w = Tp(z) which carries the points oo, 0, and 1 into

fp-i, fP, and fp+i, respectively, where /o = 0, /i = l, /2= 1/(1+ci), • ■ -is the

sequence of approximants of/. Other results in this paper include: a theorem

connecting the fixed points of Tp with the convergence and value of/ (§2),

sufficient conditions for absolute convergence of / (§§3, 6), and some new

convergence regions for / (§5). The latter are found by means of certain

geometrical properties of the inequalities (1.1).

2. The transformation Tp. It will be convenient to introduce the following

notations:

D is the set of "points" c = (ci, c2, c3, • • • ) such that the denominators

Bo = l, -Bi = l, Bp+l =BP + CpBp_i, p = \, 2, 3, ■ ■ ■ , off=f(c) are all different

from zero;
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D* is the subset of points c=(ci, c2, cz, ■ • • ) of D such that cp5¿0,

P = \, 2, 3, ■ • • .
Let c be in D. The continued fraction/(c) is said to be absolutely convergent

if the series/o+ ^(fp—fp-i) is absolutely convergent, where/0,/i,/2, • • • is

the sequence of approximants of/. The even (odd) part of /is said to be ab-

solutely convergent if the series f0 + X)(Up —ftp-*) (/i+ IZC/Wi- f*p-i)) is
absolutely convergent.

It is clear that/ and its even and odd parts are absolutely convergent if c

is in D — D* (cf., for instance, [4, p. 26]). We therefore assume from now on

that c is in D*.

Let

1
tP(z) =-, Tp(z) = ht2 • ■ ■ tp(z), p = 1, 2, 3, • • • .

1 + CpZ

Since c is in D*, the approximants

/_, = rp(oo),     /„ = r,(o),     /P+i = rp(i)

are finite. Therefore, if Tp(hp) = oo , then hp is finite and different from 0 and 1.

We observe that

Tp+i(hp+i) = Tptp+i(hp+i) = Tp(hp) = oo,

and consequently

1
(2.1) hp = tp+x(hv+i) =-■-> p = 1, 2, 3, • • • .

1 + Cp+ihp+i

Note that h= — 1/ci.

Theorem 2.1. Le/

1 Ä
(2.2) wx = -

P

Cl (hi -   l)(h2 -!)••■   (*,_! -   1)

p = 2, 3, 4, •

77ze«

(2.3) Tp(z) = fp^i + -——, #=1,2,3,

Proof. Since

Ti(z) = h(z) = 0 +
■1/ci

(-iAx)-z

the formula is correct for # = 1. Since Tv(<x>) =fp-i, Tv(hp) = oo, it is clear

that the formula is correct for a suitable constant wp. Now,
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. ., hpwp-i
u>P = K(h - h-i) = hp[Tp^(l) - Tp-i(0)] =--,

hp-i(hp-x — 1)

or

Wp Wp-i 1 1

hp       hp-i  hp-i — 1       (hi — l)(h2 — 1) • • • (Â„_i — 1)

inasmuch as W\/h\ = \. This gives the value of wp stated in the theorem.

On putting z = 0 in formula (2.3) we obtain the following corollary.

Corollary 2.1a. For n = 2, 3, 4, • • • ,

1

/n = /n_1 + (hi - 1)(A, - 1) • • • (Ân_! - 1)

n— 1 1

-1 + 2-
pTi (hi - 1)(A2 - 1) • • • (*„ - 1)

Thus, the continued fraction f is equivalent to the infinite series

1
(2.5) l + £ -

£ (Ai - \)(h2 - 1) ... (*, - 1)

«« /Ae íewje /A0/ ¿Ae w/A approximant of f is equal to the sum of the first n terms of

the series.

In a similar way we obtain the following corollary.

Corollary 2.1b. The even and odd parts of f are equivalent, in the sense of

the preceding corollary, to the infinite series

(2.6) ¿ -h**-
pT, (Ax - 1)(A2 - 1) • • • (A2p_! - 1)

and

(2.7) 1 + E -US-,
pZi (h - 1)(A2 - 1) • • • (A2p - 1)

respectively.

From these two corollaries we have, immediately, the following corollary.

Corollary 2.1c. If the series 231 hP \ converges, then the continued fraction

f diverges by oscillation, its even and odd parts having finite limits LQ and Li

suchthat |Z0—£i| = II"=i \hP—1|—1.

If the two series (2.6) and (2.7) are absolutely convergent and the series

23|Ap| diverges, then we obviously have

1
lim inf

P—*« (hi- l)(Ai- !)•••(*,- 1).
0.
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From (2.4) it then follows that the values L0 and Lx of the even and odd

parts of/, which are the sums of the series (2.6) and (2.7), respectively, are

equal to one another, so that / is convergent. On combining this result with

Corollary 2.1c, we then have the following theorem.

Theorem 2.2. If c is in D*, and if the even and odd parts of the continued

fraction f(c) are absolutely convergent, then /(e) converges if, and only if, the

series ¿2 \ hp | is divergent.

The same type of reasoning used above will show, more generally, that the

following theorem is true.

Theorem 2.2a. If c is in D*, if the even and odd parts of f(c) are convergent,

the even (odd) part being absolutely convergent, and if the series 2|faî>-i|

(X|A2p[) diverges, thenf(c) converges.

If Cp ?*0, p = l, 2, 3, ■ • ■ , then / may be thrown into the form

x     1

(2.8) K   —,
P=l   Op

where

(2.9) bi=l,       ep = —-, p=i, 2, 3, •••.
bPbp+i

We shall now prove the following theorem.

Theorem 2.3. If c is in D*, and if there is a finite constant M such that

\fp\ =Af for p — \, 2, 3, • • ■ , then the two series 2| Ap| and ~^2i\bp\ converge

or diverge together.

Proof. From the formula (2.1) we find that

1 — hp      1 — hp
hp+i = —-= —-bp+ibp+2,

ftpCp^-i hp

or

Therefore,

npnp+i
7p+2 = —-——-; p = 1, 2, 3,

(1 — hp)bp+i

1 1
bi = 1,        ¿2 = — = — Ai,        ¿3 = — A

'2p+2 — — A2p+i

?2P+3  —   —   A2p+2

ei (1 - Ai)

(1 - Ai)(l - h3) •••(!- A2p_t)

(1 - A2)(l - A4) • • • (1 - A2P)   ' 3

(1 - A2)(l - A4) • • • (1 - A2p)

(1 - //,)(! - fti) •••(!- A2p+1)
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Consequently, if the series 2I^2>I converges, then the series 2I^j>I con"

verges. Also,

1 + 63(1 + b2)
Ai = — b2,        A2 = — ¿>3(1 + b2),        ht = — bi-,

1 + h

and, by mathematical induction,

(2.10) hp= -bP+i-^-, p = 1, 2, 3, ■■-,

where <2o = (?i = l, Qp+1 = bp+iQp + QP-i, p = i, 2, 3, ■ ■ ■ , so that Qp is the ptb.

denominator of the continued fraction (2.8). Now, it is well known (cf., for

instance, [4, p. 28]) that when the series 21 M converges, then Q2p and

(?2P+i converge, for #—*oc, to finite limits K0 and Kx. Inasmuch as, by the

hypothesis,

J n J n
QnQ-

^ 2M, n = 1, 2, 3,

it follows that KoT^O, À'i^O. Hence, by (2.10), if   2|°j>I   converges, then

21 hp I converges.
On combining this result with Theorem 2.2, we obtain the following

theorem.

Theorem 2.4. If c is in D*, and if the even and odd parts of f(c) are ab-

solutely convergent, thenf(c) converges if, and only if, the series 21 °p\ (cf- (2-8)

and (2.9)) is divergent.

Remark 1. If we put

1
Po = 0,        pp = -, p — 1, 2, 3, • • • ,

A„ — 1

then we find from (2.1) that

1
(2.11)       1 + Pp+1 = tp+1(i + Pp) = —-—■--,        #-0,1,2,..-.

1 + Cp+l(l + Pp)

Since /„ = l+pi+pip2+ • • • +P1P2 • ■ ■ Pn-u these formulas may be used to

compute, in succession, the approximants of/.

Remark 2. Since (| bpbp+1\ )1/2 = l/(|cp| )1/2^(| bp\ + \ bp+i\ )/2, it fol-

lows that a sufficient condition for the divergence of 21 bP \ is the divergence

of 2(i/(k|)1/2.
We conclude this section with a theorem connecting the fixed points of

the transformation Tp with the convergence and value of the continued frac-

tion /.
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Theorem 2.5. Let c be in D*, and let xp and yp be the fixed points of the

transformation w = Tp(z). Let f(c) converge and have the value x. Then, if the

notation is properly chosen,

(2.12) Xp—+x    and    yp — Ap —> 0, as p ~^> <*>.

Conversely, if (2.12) holds, then f(c) converges to the value x.

Proof. Since/p_i = Tv( °o ) is finite, the fixed points are finite, and since the

number wp in (2.3) is not zero, /p_i is not a fixed point. The transformation

w = TP(z) carries yp, hp, and oo into yv, °o, and/p_i, respectively, and carries

Xp, hp, and oo intoxP, oo, and/p_i, respectively. Consequently, fv-i, xv, hp, and

yP are the four vertices of a parallelogram. Therefore

(2.13) /p_i = xp + yp — Ap.

Hence, we may write

(Xp — hp)(yp — Ap)
(2.14) Tp(z) = xp+ yp — hp -\-

Since Tp(0) =fp, this gives

(2.15) /* = — •
hp

The last statement in the theorem follows immediately from (2.13).

By (2.2), (2.3), (2.13), and (2.14),

(xp — hp)(yp — hp)       (xp — hp)(fp-i — xp)

hp — z

(A: - 1)(A2 -!)••• (Ap_! - 1)

Hence, if/ converges to a value x, we conclude by Corollary 2.1a that for

each positive number t there exists a number N such that

xn
1-

A„
/„_i — xn | < e2 for n > N.

On making use of (2.15) we then find that, for any particular n>N, one of

the following inequalities must hold:

y»
< e,     or     | /„_i — x„ j < e.

Therefore, if the notation is appropriately chosen, xp—*x and by  (2.13),

yP - Ap—>0.
This completes the proof of Theorem 2.5.
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3. Absolute convergence in the neighborhood of the origin. Let 7 be a

number which is not real and less than or equal to —1/4. We shall say that

c = (ci, c2, c3, • • • ) is in Vy if there exist positive numbers ki, k2, ks, • • ■

such that |cp —7I ^kp, p = i, 2, 3, • • • , and such that f(c') converges for

every c' = (c{, c( , e3', • • • ) such that \cp —y\ Skp, p = 1, 2, 3, • • • . It is

known that Vy exists when 7 is restricted as above (cf., for instance, [4, p.

137]). The restriction on 7 is necessary, since f(c) diverges if c = (x, x, x, ■ ■ ■),

— 00 <x< — 1/4. If y = rei't', —ir<<p< +ir, r 2:cos2 <p/2, it can be shown that

a sufficient condition for c to be in Vy is that

I cp - 7 I ^ 2 cos — [rx(l - gp_i)gp]1/2,

where 0<ri<r, 0<gp_i<l, p = \, 2, 3, ■ ■ • . Only when 7 = 0 have we a

complete characterization of Vy.

Theorem 3.1. The point c = (ci, C2, C3, • • • ) is in Vo if, and only if, numbers

go, gi, g2, • • • , greater than zero and less than unity, exist, such that

(3.1) I e,| ¿ (1 -gp-i)gp, P = 1, 2, 3, • •• .

Moreover, if c is in Vo, then f(c) is absolutely convergent.

Remark. The condition stated is equivalent to the condition that numbers

mP exist such that 0<mp<l, | Ci| £ff*i, |cp+i| ^(l-m,,)wp+i, # = 1, 2, 3, ■ • •,

and the series

(3.2) 1 + 2-
(1 — wi)(l — m2) • • • (1 — nip)

is convergent (cf. [4, pp. 82-83]).

Proof. One may easily show by mathematical induction, using (2.11),

that |ci| ¿mi, [cp+i| is (1 — mp)mp+i, p = l, 2, 3, ■ • • , implies that

l      i mp
I Pp\ ^-> P = 1, 2, 3, • • • ,

1  — Wp

so that when the series (3.2) converges, then / converges absolutely by Corol-

lary 1.1a. This was proved by E. B. Van Vleck [3].

The necessity of the condition can be obtained as follows. Suppose that e

is in Vo- Then there exist positive constants kp such that ] cp| ^kp and f(c')

converges for \cp' \ ^kP. In particular, the continued fraction

1

kiZ
1+-

£2Z

1 +
1 +
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converges for |z| ¡£1, and the continued fraction obtained from this one by

replacing any kp by zero converges for [ z\ ¿1. The last statement means that

the poles of the approximants are in the domain \z\ >1. This continued

fraction is of the type which figures in the work of Stieltjes. The poles of the

approximants are all real, simple, negative, and have positive residues. From

the preceding, the poles are all less than —1. By a well known argument, it

follows that the continued fraction is equal to an integral of the form

fld(p(u)/(1+zu), where cp(u) is bounded and nondecreasing. Application of a

theorem of Wall [4, p. 263] then shows that kP = (1 — gp-i)gP, where 0<gp_i

<1, p = 1, 2, 3, • • ■ , as was to be proved.

4. Convergence problem for the domain S. We shall say that

c = (ci, c2, c%, • • • ) is in the domain S if there exist nonnegative numbers

r\, r2, r%, • • • such that the inequalities (1.1) hold, it being agreed that in-

equality shall hold in the first two relations if Cp^O, p = i, 2, 3, ■ ■ ■ . (If c is

in 5 and no cp vanishes, we shall say that c is in S*.) If c is in S, then c is in D

[4, p. 41]. Obviously, if c is in S*, then the numbers rp are all positive.

Lemma 4.1. If c is in S, then the even and odd parts of f(c) are absolutely

convergent.

Proof. The case where c is in S — S* is covered by the statement near the

beginning of §2. If c is in S*, then the even and odd parts of f(c) can be

thrown into the form K(c'p^J\) (c0'=l), multiplied by an unimportant

factor plus an additive term, where c' = (c(, c{, c{, • • •) is in V0 (§3)

[4, p. 54] and are therefore absolutely convergent by Theorem 3.1.

Theorem 4.1. If eis in S, thenf(c) converges if, and only if, (a) c is in S — S*,

or (b) c is in S*, and the series 21 bp\ > defined by (2.9), is divergent.

Proof. Convergence of f(c) in case (a) is covered by the remark near the

beginning of §2. The rest follows immediately from Lemma 4.1 and Theorem

2.4.

This result includes or extends several of the theorems of [2], particularly

Theorem 3.3, p. 161, Theorem 3.4 and Theorem D, p. 163, and Theorem E,

p. 165.
5. Geometrical characterization of S. Let Ci, c2, c3, ■ ■ • be complex num-

bers different from zero, and let r0, rit r2, ■ ■ ■ be positive numbers. The

following regions of the z-plane have been determined in such a way that

(5.1)       tp(Hp) = i?p_i,       tp+i(Gp+i) = Hp,       tptp+i(Gp+i) = Rp-i,

P = 1, 2, 3, ••• ;
R*

Ht

| z - 1

1
z+ —

g l/r„

> r

1 + cp-i >

p-i]

»"»-2

'P-i

P = 0, 1, 2,

P = 1, 2, 3,

P - 2, 3, 4, •
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Lemma 5.1. For each integer p<^2, the inequality

(5.2) rp | 1 + Cp_i + Cp | ^ rp-2rp \ cp_i | + | ep |

is necessary and sufficient in order that

(5.3) tp~itp(Rp) C Rp-2-

Proof. Since tp-itp(Gp) = Rp-2, a necessary and sufficient condition for

(5.3) is RPdGp. The latter holds if, and only if, the center 1 of Rp is in Gp at

a distance at least l/rp from the boundary of GP:

1 +
1 + cp_ 1

-> rP-2
Cp-l

that is, if, and only if, (5.2) holds.

Lemma 5.2. For each integer p^i,

(5.4)

if, and only if,

(a)

(5.5)    (b)

(c)

tp(Rp) C Rp-i

cP +
1 — rp_i

—-h | cp\
1 - r'

rP(l + Cp + Cp) ^ 2 | Cp|

Cp +
1

1 — rp_i

rp—ir p

~2      r
rv-i — 1

for rp_i < 1,

for rp_i = 1,

for rp_i > 1.

Proof. Since tp(Hp)=Rp^i, (5.4) holds if, and only if, RpQHp, and (5.5)
is necessary and sufficient for the latter.

Lemma 5.3. For each integer p^i, (5.5) implies that

rPrp_i
rP | 1 + Cp | è | Cp | +(5.6)

Proof. If (5.5)(a) holds, then

l + r
> \ Cp   .

p-i

rP | 1 + cp I +

2
r pr p—i

1 — »V-i
-   ^   rp

2
*"p—1

1  +  Cp +  ~-—
1 - rp_i

Cp +
1 — rp_i

ê \c,   +
r p' p—i

1 - »V-i

or (5.6). If (5.5)(b) holds, then
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rP | 1 + cp I ^ rp ( 1 +
/ cp + cp\

\ 2      )

>\cp\

2

rPrp-i

Tp Vpf p—.\
— #(1 + Cp+ Cp) + —-

2 1 + rp_i

1 + »-p-i

If (5.5) (c) holds, then

L      |      Cp | 7p

2

rv-i

rp-\ —

2

P  P— 1

+ Cî
r„_i — 1

rp_i — 1
Cp +

1

» p' p— 1

1 — rp_i

>Vp_i
_L     /•_=        2 .,    T I  °î> I 2 ..

fp-i — l rp-i — 1

— I       I _1_     rprp—1 I       I

I      p I      I- ^   I      p I •
rP-i + 1

Theorem 5.1. Let cp^0, # = 1, 2, 3, • • • . TAe point e = (ci, c2, c3, • • • )

is in S* (cf. §4) if, and only if, positive numbers r0, r%, r2, • • • exist such that

(5.7) h(Ri) C A0,       tp-itp(Rp) C Ap_2, # = 2, 3, 4, • • • .

Proof. If (5.7) holds, then (5.2) and (5.6) hold, so that c is in 5*. Con-

versely, if c is in S*, we may obviously determine r0 such that 0<r0<l, and

such that (5.2) holds for p^2 and (5.5) (a) holds with p = i, so that, by

Lemmas 5.2 and 5.1, the relation (5.7) is satisfied.

Corollary 5.1a. A sufficient condition for c = (ci, e2, c3, • • ■ ), where

CpT^O, p = l, 2, 3, ■ ■ • , to be in S* is that there exist positive numbers

To, I'm r2, • • • such that

(5.8) tp(Rv) C Rp-u P = 1, 2, 3,

Proof.   If   (5.8)   holds,   then   h(Ri)CRo,   tp_itP(Rp) Ctp-i(RP-i) CRP-2,

p = 2, 3, 4, • • • , so that (5.7) holds, and therefore c is in S*.

Corollary 5.1b. If c is in S*, then all the approximants of f(c) have their

values in R0.

Proof. By (5.7), Tp(Rp)=ht2 ■ ■ ■ tp(Rp)CRo, so that, since 1 is in Rp,

fp+i = Tp(l) is in Ro (p = l, 2, 3, • • • ) and/i = l.

Theorem 5.2. A sufficient condition for c = (ci, c2, c%, • • ■ ) to be in S is that

positive numbers r0, ru r2, • ■ • exist such that (5.5) hold for p = \, 2, 3, • ■ • .
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Proof. If Cp^O, p = i, 2, 3, ■ • • , then, by Lemma 5.2 and Corollary

5.1a, c is in S*(ZS. If some cp vanishes, put cp =cp+dp, where dp = 0 if

Cpy^O, and dp^O, \dp\ ^5„, a small positive number, if cP = 0. Then, (5.5) will

hold with the cp replaced by the cp' provided the 5P are sufficiently small.

Hence, by the preceding, c' = (c{, c(, c(, • • • ) is in S, so that the inequalities

(1.1) hold with the cp replaced by the cP'. Since this is true for all sufficiently

small ôp, it is true when the dP are all set equal to zero, that is, c is in 5.

By Theorem 4.1 we now have the following corollary.

Corollary 5.2a. If (5.5) holds with r„>0, # = 0, 1, 2, • • • , then f(c)
converges if, and only if, (a) some cp vanishes or (b) cp^0, p = l, 2, 3, • • • ,

and the series 21 bp\ defined by (2.9) is divergent.

Example 1. Let r2p = l, p = 0, 1, 2, • • • . Then (5.5) becomes

r2p-\(i + c2v-i + c2p_i) ^ 2 I c2p_i |,

(1 + e2p + c2p) ^ 2 | c2p |

c2p +

C2p +

1
>

r2p-i

r2p-i i      1 — f2p-i

<     fip~1

=     2 .

r2p-\ — 11 — r2p-

for r2p_i = 1,

+ | c2p | for r2p_! < 1,

— | c2p| for r2p_i > 1,

P = 1, 2, 3, • • • .

Thus, c2p_i is in an ellipse and c2p in a region bounded by a branch of a

hyperbola if r2P-i < 1 ; C2P_i and e2p are in the parabolic region \z\ — 9?(z) ^ 1/2

if ?"2p-i = 1 ; e2p_i is in a region bounded by a branch of a hyperbola and c2p is

in an ellipse if r2p_i > 1. The condition for convergence of f(c) is given by

Corollary 5.2a. If r2p_i = l, for p — 1, 2, 3, • • • , this gives the parabola

theorem [2]. For any choice of r2p_i>0, p — i, 2, 3, ■ • • , the approximants of

(c) have their values in AV | z—■ 11 £1.

Example 2. Let r2p = l, p — 0, 1, 2, • • ■ , and let r2p-i = | c2p_i| /sp, sp>0,

p = l, 2, 3, • • ■ . Then (5.5) becomes

SRCcsp-i) ^ (2j„ - l)/2,

1 + c2p + c2p ^ 2 | c2j, | for  | c2p_i | = sp,

C2p +

Sp   —        C2r

>
e2p-i|

Sp — | e2p_i j
+     C2j for   j c2p_i | < jp

c2p +
e2p-i

c2p-i|

e2p-i 2  - -     C2l for   | c2p_i |

p= 1,2,3,

> st
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Thus, for each p, c2„_i is in a certain half-plane, and e2p is in a domain bounded

by a parabola, a branch of a hyperbola, or an ellipse, according as | c2p_i| = sp,

<sP, or >Sp, respectively. Let A, denote the set of all points c = (ci, c2, c3, • • • )

satisfying these inequalities, for a given sequence of positive numbers

so, ii, S2, ■ • • , and A* the subset of As such that cp5¿0, p = l, 2, 3, • ■ • .

Of course, A*CS*(ZS. If c is in As — A *, then, for each positive number e,

we may determine c' in A* such that | Cp — cP | <e, p = 1, 2, 3, • • • . It follows

immediately that c is in ,S. The condition for convergence of/(c) for c in A,

is therefore given by Corollary 5.2a. The values of the approximants are all

in the domain R0 : | z — 11 :£ 1.

Example 3. Let rp= | cp| /sp, ip>0, # = 0, 1, 2, • • • , (c0 = l). In this case,

(5.5) yields for the domain of cp a finite closed circular region, the exterior and

boundary of a finite circle or a half-plane plus its boundary, depending upon

the value of cp_i. By an argument analogous to that used in Example 2, the

value cp = 0 is allowable. The condition for convergence is given by Corollary

5.2a. The values of the approximants are in Ao: \z—1| ;=so.

6. Absolute convergence in the domain 5. The continued fraction f(c)

may be convergent but not absolutely convergent for c in S. For example,

c=(l2, 22, 32, • • •) is in 5 and/(c) is equivalent, in the sense of Corollary 2.1a,

to the nonabsolutely convergent series 2(— l)p_l/#- We shall obtain a suffi-

cient condition for f(c) to be absolutely convergent for c in S. We first prove

the following lemma.

(6.1)

Lemma 6.1. If c = (ci, c2, c3, • • • ) is in S*, then (cf. §2)

1
< | Cp| (1 + rp_i), P = 1,2,3,

Proof. Since 1/Ai= — C\ (cf. §2), the inequality is true for p = i. By (5.7),

Tp(Rp) =ht2 ■ ■ ■ tp(Rp)(ZRo, so that, since Tp(hP) = <*>, hp is outside Ap:

(6.2) | Ap- l| > 1/r'p, p = 1, 2, 3, • • • .

Let us suppose that, for a particular value of p> 1, (6.1) fails to hold; that is,

1

h,
fc | «,|(i + iv.,).

Then, by (2.1) and (6.2), we get

1 - ZP-1

Ap_i«p
> >

or

flp—\flp

1
<

fp-i Ap_i

Cp | (1 + >"p-l)

rP-i

rP-i

l+rp_ p-i

Therefore
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1 - —   >(l- —-)■ |cP|(l + rp-i),
Ap| \ 1   + rp-l/Ap_il

which is impossible. This contradiction establishes the lemma.

Theorem 6.1. Let r, K, and N be positive constants. Suppose that

c = (ci, c2, c3, • • • ) is in S*, the inequalities (1.1) holding with rp^r,

p = l, 2, 3, ■ ■ ■ , and that \cp\ ^A for p=pi, p2, p¡, • ■ • , where 0<pk+i

—pk^¡N, k — 1, 2, 3, • ■ • . Thenf(c) is absolutely convergent.

Proof. Let m denote any one of the indices pk. By (6.1),

1 1
(6.3) | A»| >

Cm I (1 + r„_j)      A(l + r)

By Lemma 4.1, the series (2.6) and (2.7) are absolutely convergent. There-

fore, by (6.3), the series

(6-4) £ n,     1V,-x-7Ï-ñ {p = ph p2' p3'-'-)
(p) (Ai - 1)(A2 - 1) • • • (Ap - 1)

is absolutely convergent. Since, by (6.2)

1      I

Ap- 1
< rp ^ r,

it follows that the N series of this kind obtained by summing over the indices

p=pi+s, p2+s, ps+s, • • • , for s = \, 2, 3, • • • , N, are absolutely con-

vergent. On adding together the series (6.4) and these N series, we obtain

an absolutely convergent series containing all the terms of the series (2.5).

Therefore the latter series is absolutely convergent, and the theorem is

established.

Corollary 6.1a. If \cp\ — 9t(cp)^l/2, p = \, 2, 3, • • • , and if \cp\ ¿A
for the values of p specified in Theorem 6.1, thenf(c) is absolutely convergent.

In this case (1.1) holds with rp = 1 and with inequality in the first two rela-

tions.
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